We present a mechanism through which a certain class of short-distance cutoff affects the CMB anisotropies at large angular scales. Our analysis is performed in two steps. The first is given in an intuitive way, using the property of the inflationary universe that quantum fluctuations of an inflaton field become classical after crossing the Hubble horizon. We give a condition for a cutoff to yield a damping on large scales, and show that the holographic cutoff introduced in the preceding paper (hep-th/0307029) does satisfy the condition. The second analysis is carried out by setting an initial condition such that each mode of inflaton starts as the vacuum fluctuation of the Hamiltonian when being released from the constraint of cutoff. The first intuitive discussion is then shown to be correct
Introduction
Great progress has recently been made in observational cosmology. In particular, the elaborate measurement of the CMB anisotropy [1] [2] [3] [4] has shown that it can be well explained by the inflationary models [5] [6] [7] [8] , and has determined many of the relevant cosmological parameters. However, a major discrepancy has been observed at large angular scales between the theoretical prediction and the observational data [3] of the angular power spectrum C l , which is defined through the two-point correlators of the temperature fluctuations as δT T
(Ω 1 ) δT T (Ω 2 ) = l≥1 2l + 1 4π C l P l (cos θ 12 ).
(1.1)
Here the bracket is the sample average taken from various pairs of directions Ω 1 and Ω 2 on the celestial sphere with the fixed angle θ 12 . The observational data show that C l behaves almost like 1/l(l + 1) for small l (l < 50), consistent with the almost scale-invariant power spectrum predicted by the inflationary models. However, for much smaller l (l < 10), the data show that C l 's are much less than the predicted values [3] .
The conventional explanation of this "large-scale damping" is based on the so-called cosmic variance (see, e.g., [9] ). In fact, for small l, one can take only a few independent samples ∼ 2l + 1 , and thus the observed values can deviate largely from the real (or theoretical) values. However, if this deviation is not simply a statistical deviation, then it has a possibility to be a remnant of Planck-scale physics. In fact, as will be reviewed in the next section, quantum fluctuations of an inflaton field become classical after crossing the Hubble horizon, and the CMB anisotropies at large angular scales are directly related to those classical fluctuations of the inflaton field on large scales. Since the larger-scale modes cross the Hubble horizon and become classical at earlier times, the CMB anisotropies at large angular scales could be more sensitive to Planck-scale physics. 1 The most promising candidate that can explain the dynamics of quantum gravity at the Planck scale is string theory. One of the basic results in string theory is the existence of the minimum length scale l s [11] [12] , and spacetime is expected to loose its smooth Riemannian structure and to become discrete (or noncommutative) at the Planck scale. At the present moment, however, we do not have an analytic tool in hand with which string dynamics around 1 Other effects of Planck-scale physics on the CMB anisotropy are also expected to be found, such as a running spectral index or a deviation from the Gaussian perturbation. See refs. [10] for attempts in this direction.
the Planck scale can be dealt with in a definite manner. In the present paper, we simply assume that such quantum effects of gravity can be reflected by introducing a cutoff or a noncommutative scale L cut = O(l s ) into the dynamics of the inflaton field.
The possibility that the large-scale damping could be explained by a noncommutative nature of spacetime was first investigated in ref. [13] . 2 The main aim of the present article is to complement the discussions given there, and also to clarify what kind of cutoff should be chosen in order to have the large-scale damping in the CMB anisotropy.
This paper is organized as follows. In section 2, we explain a mechanism of the largescale damping, using the property of the inflationary universe that quantum fluctuations of an inflaton field become classical after crossing the Hubble horizon, and we show that our previous result given in ref. [13] can be naturally understood along this argument. However, this process of "classicalization" should be incorporated automatically once a proper initial condition is set when an inflaton field starts its quantum fluctuations. In section 3, we discuss what initial condition should be set in the presence of the cutoff introduced in ref. [13] and analyze the power spectrum of the inflaton field at the exit time of inflation. Section 4 is devoted to conclusion and outlook.
A mechanism of the large-scale damping
We start our discussion with recalling that the currently observed CMB power spectrum on the superhorizon scale is proportional to the power spectrum of the inflaton field at the exit time of inflation. We then introduce cutoff in various ways, and investigate which kind of cutoff will give rise to the large-scale damping.
Classicalization process and the CMB power spectrum in inflationary models (review)
The flat FRW metric during inflation is given by
Here a(η) is the scale factor and η is the conformal time. Note that η is negative during inflation and the exit time of inflation is given by η → −0. The inflaton field Φ(η, x) is decomposed into the classical partφ(η) and the fluctuation φ(η, x) around it. We only consider the Gaussian fluctuation, which is realized by taking the part quadratic in φ after substituting
. We also assume that the potential V (Φ) has a plateau which is flat enough to ensure that the classical solutionφ can roll very slowly. Thus, in the leading order of the slow-roll approximation we can simply neglect the potential term and obtain
2)
S fluct represents a free scalar field in de Sitter spacetime.
In order to quantize a free scalar field on a curved spacetime, one begins with considering the complete set of normalized, positive-energy solutions to the Klein-Gordon equation [16] ,
Here A labels the modes with respect to the comoving coordinates, and the functions ψ A are normalized as 6) with respect to the symplectic product ( , ) that is defined for arbitrary complex functions f and g as
where Σ is a given spacelike hypersurface, and dS µ is its three-dimensional volume element.
Note that (f, g) is independent of the choice of Σ when f and g satisfy the Klein-Gordon equation. Then by introducing the corresponding annihilation and creation operators {a A } and {a † A } with the commutation relations
the quantum field φ is represented as
For later convenience, we denote by k A the magnitude of the comoving wave number of the mode A.
The set of modes {A} can be chosen as one likes, depending on which symmetry is kept manifest. We here give a few examples:
(1) A = k: Three-dimensional translational symmetry is kept manifest, and
10)
Rotational symmetry is kept manifest, and
13)
14) 15) where r = |x| and Ω = (θ, ϕ) is the angular direction of the comoving coordinate x.
3
When rotational invariance is manifest, it is often convenient to decompose the field as
and treat the coefficient
In the above, both of the positive-energy solutions are chosen such that they behave as e −ikη in the limit η → −∞. It is easy to see that the annihilation operators and the positive-energy solutions for these two sets of modes are related as
where Ω k is the angular direction of the comoving wave number k.
as a field over a two-dimensional spacetime (η, r). The angular power spectrum of the inflaton field, C φ l , is then defined by
Cosmological perturbation theory predicts that at large angular scales (i.e., for small l's) the angular power spectrum C l of the CMB anisotropy observed at present is proportional to that of the inflaton at the exit time of inflation,
Here r = r * is the comoving radius of the last scattering surface (LSS), which is a two-sphere on the time slice (at η = η * ) when the recombination takes place (see Fig. 1 ). The relation (2.21) can be understood as follows.
First, we recall that the Hubble length 1/H expresses the physical-distance scale beyond which points cannot be causally correlated. Thus, the mode A can fluctuate quantum mechanically only when its physical wave length λ A is shorter than the Hubble length. However, in the expanding universe, the physical wave length of the mode A is a monotonically increasing function of time as λ A (η) = a(η)/k A , while the Hubble length is constant in time during inflation. Thus, as the physical wave length increases, the mode A gradually looses its quantum nature and eventually becomes purely classical at the exit time of inflation η → −0 (for a detailed analysis, see, e.g., ref. [17] ). This process is sometimes called the classicalization.
The characteristic moment η C A at which the crossover from quantum to classical physics occurs for the mode A, can be evaluated by setting λ A = 1/H (crossing the Hubble horizon) and is found to be η Fig. 2 ). We thus can schematically say that η < η Note that a mode of smaller k A crosses the horizon at an earlier time. perturbation [19] . Putting it all together, the angular mode c lm of the CMB anisotropy
is proportional to φ lm (η = −0, r = r * ), and thus, the angular power spectrum C l of the CMB anisotropy observed at the present time is proportional to that of the inflaton field at the exit time of inflation:
In the leading order of the slow-roll approximation, we have
This prediction from inflationary models agrees quite well with the observational data at large angular scales.
Time-dependent cutoff and a criterion for the large-scale damping
In this subsection, we discuss how the previous analysis should be modified when various types of cutoff are introduced. One may think that nothing would change on large scales since the short-distance cutoff usually does not play important roles on large scales in local quantum field theories. However, in the expanding universe, the cutoff can be a time- Suppose that we introduce a short-distance cutoff L cut on the physical distance scale such that it is constant in time. Then there appears another moment which will be important in the following discussion. In fact, as we see below, this leads to a cutoff Λ cut (η) on comoving modes, which is generically a monotonically increasing function of time in the expanding universe (see Fig. 3 ), and whose dependence on the short-distance cutoff L cut strongly depends on the way of introducing L cut into a system. The comoving mode A can exist as a quantum fluctuation only when the inequality k A ≤ Λ cut (η) is satisfied. We thus can introduce the moment η 
A few examples
We give a few examples on the way of introducing cutoff. In the following, we expand the inflaton field φ(η, r, Ω) with respect to angular coordinates as 25) and label the mode as A = (k, l, m). In eq. (2.25), k denotes the comoving wave number in the radial direction and (l, m) represents the multipole in the angular directions.
Homogeneous cutoff on the physical wave length
We first consider the case in which a time-independent short-distance cutoff L cut is put on the physical wave length. That is, we require that the mode A can exist only when the following inequality holds:
This can be imagined as that the three-dimensional space is a lattice with the spacing L cut .
By setting 
On the other hand, the moment η C A at which the mode crosses the horizon and becomes classical, is determined by setting 3 ) is diagonalized [20] .
Fuzzy sphere
We next consider the cutoff [13] with which the two-sphere for each (η, r) is replaced by a fuzzy sphere, such that only one-bit degrees of freedom can reside on each area L 2 cut [20] . Then the fuzzy sphere consists of finitely many points (see Fig. 9 ), the number of which is given by
This in turn gives an upper bound on l as (see, e.g., [13] )
(2.32)
If we consider the orbit of the LSS with the fixed comoving radius r = r * , the moment η Q A is given by solving the equation
and thus found to be
The moment η These two moments η Q A and η C A can be compared if one notes that k can be identified with π(l + 1)/2r * i.e., η
has a sharp peak at the value kr * ∼ π(l + 1)/2. The result is given in Fig. 10 . This figure has the same pattern with that of Fig. 4 and thus leads to a damping at large distance scales.
This line of argument was given in ref. [13] . There the analysis was made by assuming that once a quantum mode has a period of quantum fluctuation, the classical value has the magnitude same with that of the case in the absence of cutoff. This assumption is equivalent to the prescription that the normalized positive-energy solution in the absence of cutoff,
is replaced by
in the presence of the noncommutativity. This gives an IR cutoff on the integration over the comoving wave number, and the angular power spectrum of inflaton is found to be
If we further introduce the spectral index n (∼ 1), then the angular power spectrum becomes
which gives the angular power spectrum of the CMB anisotropy as
where the C (0) l is the value when noncommutativity is absent during inflation. The damping factor (1 − β l ) is given by
and is depicted in Fig. 11 with n = 0.95. Figure 11: The damping factor (1 − β l ). Here the spectral index is set to be n = 0.95. L cut H is 0.1, 1, 5, 10 from top to bottom [13] .
Analysis without resorting to the classicalization process
In the preceding section, the large-scale damping is analyzed by comparing the two moments In this section, we assume that the mode A starts its quantum fluctuation as a vacuum fluctuation at the ground state of the Hamiltonian. 4 We also assume that a cutoff is introduced in such a way that its physical distance scale L cut is a time-independent constant. We first consider the case in which a homogeneous cutoff is introduced (case of subsection 2.3.1).
Then we consider the case in which the two-sphere at (η, r) is replaced by the fuzzy spherẽ S 2 (case of subsection 2.3.2).
Homogeneous cutoff on the physical wave length
In this subsection, we label the mode as A = k and set the homogeneous cutoff (2.26). We require that at the moment (2.28), η Q A = −1/kL cut H, the mode A = k be at the ground state of the Hamiltonian.
The action we consider is
The conjugate momentum to φ is π = ∂ η φ/H 2 η 2 . By introducing the annihilation and creation operators as
the Hamiltonian can be written as
We choose µ k such that the Hamiltonian is diagonalized at the moment η Q A ,
Then our requirement that the mode k be at the ground state when η = η Q A can be realized by the following initial condition:
In order to calculate the two-point correlation functions at the exit time of inflation, we take the Heisenberg picture for the annihilation-creation operators and consider their Bogoliubov transformations:
The coefficients A k and B * −k are determined by the Heisenberg equations, and using the combinations ξ k ≡ A k + B * −k and ζ k ≡ A k − B * −k , we can express the power spectrum P φ (k) of the inflaton field at the exit time of inflation (η = −0) as
By using the identity,
11)
P φ (k) can be related to the angular power spectrum C φ l (0, r * ) as
Note that a scale-invariant P φ (k) leads to C φ l (0, r * ) ∝ 1/l(l + 1). The Heisenberg equations give the following equations :
They can be solved with the spherical Hankel function as
1 (−kη) , (3.14)
and thus, the power spectrum is determined as
If one sets L cut = 0 (or equivalently η Q A = −∞), then the power spectrum becomes 16) which reproduces the power spectrum of inflaton in the leading order of the slow-roll approximation in the absence of cutoff. Even when a finite cutoff is introduced as η Q A = −1/kL cut H, we still obtain a scale-invariant power spectrum:
(3.17)
Thus, one sees that when a cutoff is introduced in a homogeneous way, there is no large-scale damping in the power spectrum. This result is consistent with the analysis given in subsection 2.3.1.
Cutoff with fuzzy sphereS 2
In this subsection, we consider the model considered in subsection 2.3.2, in which threedimensional space is described by R + ×S 2 (radial coordinate r times a fuzzy sphere). The noncommutativity is introduced only to the angular directions Ω, since this would be most relevant to any modifications to angular power spectrum. 5 One can also give a holographic interpretation to this way of introducing cutoff, which is briefly commented in conclusion and will be discussed more elaborately in a forthcoming paper [24] .
Coordinates
As was explained in subsection 2.3.2, the mode with the multipole l starts its quantum fluctuation at the moment (2.34) which depends also on the value of the radial coordinate r. Thus, we introduce the new coordinates (τ, σ, Ω) such that the modes with the same l start at the same time:
We here assume that f 1 , f 2 > 0 and that ∂ τ (f 2 /f 1 ) > 0 so that the orientations of η and τ coincide. 6 Note that
is the Killing vector of the de Sitter metric, so that the metric does not depend on σ. Setting p to be the conjugate momentum to the coordinate σ, we label the mode as A = (p, l, m). The cutoff is set on the multipole l as in eq. (2.32) and we set τ = τ Q A the moment when the mode A = (p, l, m) starts to fluctuate quantum mechanically (see Fig. 12 ): 
Calculation of the angular power spectrum
As in the previous subsection, we set µ p such that the Hamiltonian is diagonalized at τ = τ Q A when the mode starts its vacuum fluctuation at the ground state:
We again consider the Bogoliubov transformations: 
with the boundary conditions
The angular power spectrum is then expressed as
The time-evolution of ξ p (τ ) 2 can be evaluated numerically. This can be carried out easily if one notes that the functions
satisfy the following first-order equations:
40)
Here we have introduced a new variable t as
which takes the following value at the initial time:
We also have used the relation
Since we consider the region −r/η < ∞, the new variable should run over the region t < ∞, so that the limit η → −0 corresponds to the limit t → +∞. We thus have
Since all the expressions (3.39)-(3.43), (3.45) and (3.47) are written in terms of t, the angular power spectrum C φ l is actually independent of the choices of f 1 and f 2 .
We carried out a numerical calculation and have obtained the angular power spectrum given in Fig. 13 . Although the damping may not be sufficiently large to fit the observational data, the curve could be better fit to the data by taking account of corrections to the leading slow-roll approximation (i.e., including a nontrivial spectral index). 
Scaling law in the angular power spectrum
As can be seen from Fig. 13 , the curves of the angular power spectrum shift to right for larger L cut H. In fact, one can prove that the angular power spectrum is a function of the scaling 7 Of course, another way to understand the result is to consider the cosmic variance (i.e., to regard the observational data as a deviation from the obtained result above). variable l/(L cut H) 2 with good precision. In order to show this, we assume that t Q A ≫ 1 in eqs. (3.39)-(3.43), 8 and rescale p and t in eq. (3.47) such that
Then by setting
all the equations depend only on the combination l/(L cut H) 2 = l(l + 1)/4π t Q A 2 and on k:
with
Since the angular power spectrum is expressed as the integration of K k over k:
we conclude that the angular power spectrum is a function only of l/(L cut H) 2 when one can assume that t Q A ≫ 1.
Conclusion and outlook
In this article, we have investigated the effects of cutoff or noncommutativity on the CMB anisotropy, focusing on the possibility that the large-scale damping observed in the CMB angular power spectrum may be explained as such effect.
We gave an analysis in two ways: the first was based on the classicalization process, and the second was carried out by analyzing the time-evolution of the Heisenberg operators with the initial condition such that modes start as vacuum fluctuations.
In the first analysis (section 2), we have clarified the mechanism that a short-distance cutoff can affect the CMB anisotropies on large scales. We there introduced two typical moments during inflation, one is the moment η C A when a given mode A crosses the Hubble horizon and becomes classical, and the other is the moment η Q A at which the mode A starts to fluctuate quantum mechanically. We have shown that there exists a large-scale damping if η C A is prior to η Q A only for larger-scale modes. Furthermore, we have demonstrated that the homogeneous three-dimensional cutoff does not yield such damping, while the assumption that space is the product of the radial coordinate and the fuzzy sphere with short-distance cutoff L cut certainly exhibits the large-scale damping if one assumes that the noncommutative scale is around the Hubble parameter during inflation. 9 In the second analysis based on the Heisenberg equations (section 3), we again have shown that the homogeneous three-dimensional cutoff only gives rise to the scale-invariant power spectrum, while the cutoff based on the fuzzy sphere certainly yields the power spectrum which exhibits the large-scale damping.
We thus may conclude that our analysis presented in this article gives a qualitatively correct explanation on the mechanism of the large-scale damping. However, the figure does not exhibit enough damping compared to the observational data. This would be improved if we introduce a nontrivial spectral index. However, it is still possible that our initial condition needs to be modified. In fact, one would demand that when a mode newly appears its amplitude should be as small as possible, but the vacuum fluctuation may not be the least amount of fluctuation among those that are possible. It would be nice if one could find a proper boundary condition which correctly describes the generation of modes after being released from the constraint of cutoff. The initial conditions in chaotic inflation [7] or in the models of "the universe from nothing" [26] would be interesting to investigate in this context.
Another point which should be clarified in the future is the fact that the homogeneous three-dimensional cutoff does not lead to a large-scale damping while the cutoff based on fuzzy sphere actually does. This is not satisfactory from the viewpoint of the standard cosmology in the sense that the latter way of cutoff does not respect the cosmic principle or the invariance under the three-dimensional Euclidean group E(3) = ISO(3) . However, from the holographic viewpoint [27] , this way of cutoff with the fuzzy sphere would be consistent with the following scenario of inflation. First, since the noncommutative scale is close to the Hubble parameter during inflation, matter fields are strongly coupled to gravitation, so that the holographic nature would dominate the dynamics of the system. We further assume that the holographic principle holds for arbitrary three-dimensional spacelike region (not only for lightsheets [28] ) if one considers a combined system of matter fields and gravity. Then the dynamical degrees of freedom in any three-dimensional region should be controlled by the information on the boundary. If the inflaton (or any other scalar-like collective mode in the system) represents such degrees of freedom, then the holographic cutoff for any threedimensional ball would be to set a noncommutativity on the spherical boundary. This line of investigation is now in progress and will be reported elsewhere.
